CS311 DSA Homework 1

Your Name: ____________________    Univ. ID: ____________________
Instructions
Answer all 10 questions. Total: 100 points. Show reasoning, proof steps and operation counts; unsupported answers may receive partial credit.
Use the unit-cost RAM model: arithmetic, comparisons and assignments take constant time. Ignore overflow. Use the standard eventual bounds O, Ω and Θ.
Write answers below each question and add pages as needed. Follow current course announcements for the deadline and submission method.
1. Set Identities (8 points)
Let A, B and C be subsets of a universal set U. Prove the following identity using set laws, without a Venn diagram. Give a reason for each step.

Answer



2. Proof Techniques (8 points)
(a) [5 points] Prove by contraposition: for every integer n, if 5n + 2 is odd, then n is odd. State the contrapositive explicitly.
(b) [3 points] Seven distinct integers are selected from {1, 2, ..., 12}. Prove that two selected integers have sum 13.
Answer



3. Relations and Functions (12 points)
Let S = {0, 1, 2, 3, 4, 5, 6, 7}. Define x R y if and only if 4 divides x − y.
(a) [6 points] Prove that R is an equivalence relation and list its distinct equivalence classes.
(b) [4 points] Define f: S → {0, 1, 2, 3} by f(x) = x mod 4, the remainder after division by 4. State its range and decide whether it is injective, surjective and bijective. Justify your answers.
(c) [2 points] Define g: {0, 1, 2, 3} → {1, 3, 5, 7} by g(t) = 2t + 1. Give a formula for (g ∘ f)(x) and evaluate (g ∘ f)(6).
Answer





4. Recursive Definitions and Tracing (12 points)
(a) [3 points] Recursively define 4, 9, 14, 19, ... using a sequence a(n) indexed from n = 1. Include the base case and the valid range of the recursive rule.
(b) [3 points] Let f(1) = 2, f(2) = 3, and f(n) = f(n−1)·f(n−2) − 1 for n ≥ 3. Compute f(3), f(4) and f(5), showing substitutions.
(c) [6 points] For the following function, trace Power(3, 4) through all calls and returns. State what Power(x, n) computes for x > 0 and integer n ≥ 0. Give its tight time and auxiliary space bounds as functions of n.
Power(x, n):
    if n == 0:
        return 1
    return x * Power(x, n - 1)
Answer





5. Summation by Induction (10 points)
A sequence is defined by s₀ = 2 and sₙ = 3sₙ₋₁ for integers n ≥ 1.
(a) [2 points] Write its first five terms, starting with s₀.
(b) [8 points] Prove the following formula by mathematical induction for every integer n ≥ 0. The sum has n + 1 terms.

Answer





6. Growth Rates (10 points)
(a) [6 points] Order the following functions from slowest to fastest asymptotic growth. Group functions that have the same Θ growth rate.

(b) [4 points] Give a tight Θ bound for each function and identify its dominant term.


Answer





7. Formal Asymptotic Bounds (8 points)
Let T(n) = 4n² + 6n + 3 for integers n ≥ 1.
(a) [5 points] Prove T(n) = Θ(n²) from the definitions. Give positive constants c₁, c₂ and n₀ such that c₁n² ≤ T(n) ≤ c₂n² for all n ≥ n₀.
(b) [3 points] Is T(n) = O(n³) true? Is it a tight bound? Explain why an upper bound and a worst-case input are different concepts.
Answer





8. Exact Loop Counts (12 points)
For each independent fragment, count the exact number of executions of count++ and give a tight Θ running-time bound. Justify each answer. Assume n = 2ᵐ for an integer m ≥ 1, and count initially equals zero. Each part is worth 3 points.
(a) Consecutive loops
for (i = 0; i < n*n; i++) { count++; }
for (j = 0; j < 3*n; j++) { count++; }
(b) A triangular loop
for (i = 1; i <= n; i++) {
    for (j = 0; j < i; j++) { count++; }
}
(c) A doubling outer loop
for (i = 1; i <= n; i *= 2) {
    for (j = 0; j < n; j++) { count++; }
}
(d) A changing inner-loop limit
for (i = 1; i <= n; i *= 2) {
    for (j = 0; j < i; j++) { count++; }
}
Answer



9. Search Specification and Case Analysis (10 points)
The input is an array A of n ≥ 1 distinct integers and a target x. The required output is its index if x occurs, or −1 otherwise.
Find(A, n, x):
    for i = 0, 1, ..., n - 1:
        if A[i] == x:
            return i
    return -1
(a) [2 points] Explain the difference between this problem specification and the algorithm Find.
(b) [4 points] Count only comparisons A[i] == x. Give the exact best-case and worst-case counts for a fixed n, with inputs that attain them. Derive the expected count if x is guaranteed to be present and each position is equally likely.
(c) [2 points] Now suppose x is absent with probability 1/4. Conditional on being present, its position is uniform. Derive the expected comparison count.
(d) [2 points] Give tight best-case and worst-case time bounds and the auxiliary space bound.
Answer





10. Towers of Hanoi (10 points)
There are three pegs A, B and C, and n ≥ 0 disks of distinct sizes. Initially all disks are on A, with smaller disks above larger ones. Move the stack to C. Move only one top disk at a time and never place a larger disk on a smaller disk.
(a) [4 points] Give a recursive algorithm or clear pseudocode, including a base case. Explain why its moves are legal and it terminates.
(b) [4 points] Let M(n) be the number of moves your standard recursive algorithm makes. Give its base case and recurrence, and solve the recurrence by expansion or induction.
(c) [2 points] How many moves does it make for n = 5? Give its tight running-time bound when a move takes constant time.
Answer





